Abstract. We show that every separable nuclear residually finite dimensional C * -algebras satisfying the Universal Coefficient Theorem can be embedded into a unital separable simple AF-algebra.
holds. Every C * -algebra in N 1 satisfies the UCT ( [RS] ). In fact, A ∈ N if A is kkequivalent to a C * -algebra in N 1 . N 1 contains all separable type I C * -algebras, and is closed under inductive limits, hereditary subalgebras, quotients, tensor products, cross products with Z, as well as extensions.
3. Let C ∈ N be a unital separable residually finite dimensional C * -algebra. Let s(C) (with the weak-topology) be the set of tracial states defined by tr • π, where π is an irreducible representation of finite rank and tr is the standard tracial state on π(C). There is a positive homomorphism δ C : K 0 (C) → C(s(A)) defined by f → f (t) (t ∈ s(A)).
Let A be a unital separable stably finite C * -algebra and T (A) be its tracial state space. Let Af f (T (A)) be the continuous affine functions on T (A). Define ρ A : K 0 (A) → Af f (T (A)) by f → f (t) (t ∈ T (A)).
Definition 4 (2.1 in [Ln2] ). Let A be a unital simple C * -algebra. We say that A is tracially approximately finite dimensional (TAF for brevity) if it satisfies the following: For any ε > 0 and any finite subset F of A which contains a non-zero element x 1 and a nonzero positive element a ∈ A + there exists a finite dimensional
Simple TAF C * -algebras are quasidiagonal, have real rank zero, stable rank one, and weakly unperforated K 0 .
5. Let C ∈ N be a unital separable residually finite dimensional C * -algebra. Fix a sequence of finite dimensional irreducible representations {π k } such that {π k } ∞ k=m is separating for C for all m. We also assume that {tr
Letr(2) = r(1) + 1,r(n + 1) = (n)!(r(n)r(n)(n + 1)), n = 1, 2, ..
where f ∈ C n repeats n! times and φ n ⊗ idr (n) (f ) repeats n(n)! times. Also, the image of
). In what follows, the map C n → A will be denoted by j.
Lemma 6.
A is a unital separable nuclear simple TAF C * -algebra with divisible K 0 (A) and a unique tracial state and which satisfies the UCT.
Proof. Since A is a direct limit of C n and each C n is nuclear and satisfies the UCT, A is separable, nuclear and satisfies the UCT. It follows from 4.2, 4.3 and 4.4 in [Ln2] that A is a unital simple TAF C * -algebra with a unique tracial state. We need only to show that K 0 (A) is divisible. It suffices to show that, for any projection p ∈ M K (A) (K is any positive integer) and any integer k > 0, there exists a
Replacing p by an equivalent projection, without loss of generality, we may assume that p ∈ j(M K (C n )) for some large n. There exists m such that k|(n + m).
where f repeats
We compute that
It is important to note that x ij , a
Therefore, it is easy to see that b
Lemma 8. Let τ be the unique tracial state on
Proof. First, if t ∈ s(C m+n ), it is easy to compute that t| jm,m+n(Cm) is in the convex hull of s(C m ). Take a sequence of {t n } ⊂ s(C m+n ). Extend t n to a state on A and let s be a weak limit of t n (on A). Then s is a tracial state on A. Therefore s = τ. This implies that τ | j(Cm) is in the weak closure of the convex hull of s(C m ).
Lemma 9. For any finitely generated subgroup G ⊂ K 0 (A), there is a finitely generated free subgroup G 0 ⊂ K 0 (C m ) for some m > 0 which has Z-rank r and is generated by r positive Z-linearly independent elements f 1 , .
.., r. Let G 0 be the subgroup generated by f 1 , ..., f r . We see that G 0 has rank r and f 1 , f 2 , ..., f r ∈ K 0 (C m ) + are Z-linearly independent.
Lemma 10. Let F be a divisible ordered subgroup of R. Let {x ij } 0<i≤r, 0<j<∞ be an r × ∞ matrix having rank r and with each x ij ∈ Q + , and let {a (n) j } be sequences of positive rational numbers such that a
Proof. To save notation, without loss of generality, we may assume that (x ij ) r×r has rank r. Set A n = (x ij ) r×n (n ≥ r). Then there exists an invertible matrix B ∈ M r (Q) (which does not depend on n) such that BA n = C n , where C = (c ij ) r×n , c ii = 1 for i = 1, 2, ..., r, and c ij = 0 if i = j, j = 1, 2, ..., r, and c ij ∈ Q. Let I r be the r × r identity matrix. We may write
where D n is a r × (n − r) matrix. Thus we have
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where v n = (a
r ) (as a column) and D n = (0, D n ) is a r × n matrix. Note that for any n × 1 column vector v with the form (t 1 , t 2 , . .., t r , a N 1 and j = 1, 2, . .., r. Let 0 < ε < min{a j /4 : j = 1, 2, ..., r}. There is N 2 > 0 such that 1 , c 2 , . ., c r ) (column vector) satisfy the equation
Since I r v n = v n and I r u = u , we have
Finally, since B is invertible, we have
11. Let B be a unital separable simple AF-algebra with
be the positive homomorphism defined by ρ A . By the Universal Coefficient Theorem, there is α ∈ KL(A, B) + such that α| K0(A) = α 0 . As in [DL] , we identify KL(A, B) with
Since K 1 (B) = 0 and T or(K 0 (B)) = 0, from the following commutative diagram, We claim that
In [Ln3] , we show the following. 
Then there is a homomorphism
13. We need only a version of Theorem 12 in which B is an AF-algebra. In the next theorem, we let B be a unital separable simple AF-algebra with
Let α ∈ KL(A, B) + be as in 11. From 11, we only need to consider G ⊂ K 0 (A).
Theorem 14. Every unital separable residually finite dimensional C
* -algebra in N can be embedded into a unital simple AF-algebra.
Proof. From the construction in 5, C maps into A. Since each j n,n+1 is injective, we see that C is embedded into A. Let B be as in 11. It suffices to show that A can be embedded into B. Let α be as in 13. Let G be any finitely generated subgroup of K 0 (A). By 11, Theorem 12 and 13, to show that A can be embedded into B, it suffices to show that there is a sequence of contractive completely positive linear maps
Let m, G 0 and f 1 , ..., f r be as in Lemma 9. There are z 1 , z 2 , ..., z r ∈ ρ B (B)
Note that (j m,m+l )| G0 is injective. So we may assume that there are projections For any ε n > 0 and any finite subset F ⊂ C m , since C m is nuclear, there exists a contractive completely positive linear map L n : A → B (see 3.2 (2) in [Ln3] ) such that L n (a) − L n (a) < ε n for all a ∈ F. Thus (by considering the finitely many generators and by choosing sufficiently small ε n -see 1.8 in [Ln3] )
Since we can choose any large m to start, one sees that the theorem follows.
Corollary 15 (cf. 7 in [D] ). Let A be a separable RAF C * -algebra. Then the cone over A, CA and the suspension of A, SA, are AF-embeddable.
Proof. First, we note that CA is a separable RAF C * -algebra. Since CA = C 0 (0, 1] ⊗ A is homotopic to {0}, CA ∈ N . So the corollary follows from Theorem 14.
